
Macromolecules 1992,225, 933-938 933 

Morphology and Mechanical Properties of Crystalline Polymers, 
4. Behavior of Spherulites in Polyethylene Subjected to Biaxial 
Tension or Pure Shear 

T. T. Wang 

AT&T Bell Laboratories, Murray Hill, New Jersey 07974 
Received June 20, 1991; Revised Manuscript Received August IO, 1991 

ABSTRACT The elastic responses of spherulites, when the spherulitic polyethylene is subjected to biaxial 
tension or pure shear, are analyzed using the scheme developed previously in this series of investigations. 
In both types of loading, the stress and strain distributions are found to be highly nonuniform and tend to 
infinity a t  the spherulite centers. The singular behavior, which is also found in simple tension but not in 
hydrostatic tension or compression, is attributed to a combination of two factors, namely, the spherically 
symmetric structure of the spherulite and the lack of spherical symmetry in the applied load. The study 
further shows the region of stress concentration to be much more localized around the spherulite center in 
biaxial tension than in simple tension and pure shear; thus, the spherulitic polymer should be more prone 
to fracture under biaxial tension. Results of the analysis are found to be in good agreement with experimental 
data reported in the literature. 

Introduction 
In a previous publication,' we analyzed the local 

deformation of spherulites in spherulitic polyethylene 
when the polymer is subjected to simple (uniaxial) tension. 
It was shown that because of their spherically isotropic 
nature,2 the spherulites develop a highly inhomogeneous 
state of stress and strain which tend to infinity at the 
centers. These predictions have been subsequently con- 
firmed by Adams and Thomas3 in their electron micro- 
scopic experiment. The spherical isotropy arises from the 
unique morphological structure of the spherulite4+ and 
can be characterized by five independent elastic moduli 
in reference to a spherical coordinate system having ita 
origin a t  the center of the spherulite.' It was also shown' 
that the spherulites develop inhomogeneous deformation 
but not stress singularity when the polymer is subjected 
to hydrostatic (triaxial) tension or compression. These 
results suggest that the singular behavior found in simple 
tension does not arise in all types of loading and its 
occurrence may in fact depend on the symmetry nature 
of the applied load with respect to the center of spher- 
ulite. In view of this and the critical influence that the 
stress singularities could have on the ultimate strength of 
spherulitic polymers, we have carried out additional 
analysis of cases involving biaxial tension and pure shear. 
The results are compared with experimental data reported 
in the literature. 

Analysis 

As in the previous treatment of simple tension,' we make 
use of a composite model for analyzing the problems of 
biaxial tension and pure shear in spherulitic polyethylene. 
The model consists of a spherically shaped spherulite 
which, with the center of anisotropy at its geometrical 
center, is assumed to be embedded in a large, homogeneous 
matrix having the overall isotropic properties of the bulk 
polymer. Referring to Figure 1, we attach to the model 
a rectangular coordinate system ( x ,  y,  z )  with its origin at 
the center of the spherulite. Since, in terms of applied 
loads, pure shear is equivalent to biaxial tension except 

* Present address: Department of Materials Science and Engi- 
neering, Rutgers University, Piscataway, NJ 08855. 

Figure 1. Sketch of spherulite in reference to two spherical 
coordinate systems (rl, O1,&) and (rz, &,&) and their relations 
to each other. 42 is the angle between the z axis and the plane 
(OxlP). Plane Q is the tangent plane at point P. [Oil and [&I 
(i = 1,2) are the directions of the corresponding coordinates axes 
Oi and (i = 1,2). r1 and r2 (rl = r2) are the distances between 
the origin and the point of interest, P, in the spherulite. 

for the fact that one of the biaxial loads is compressive: 
it is convenient to treat both problems as a general case 
of biaxial loading in which one of the applied loads is 
directed along the z axis and the other along the x axis. 
This treatment has the added advantage in that the 
solutions to both biaxial tension and pure shear can be 
obtained by superposition of solutions to the simple tension 
problem. 

To accomplish this, we further introduce two spherical 
coordinate systems and refer the stresses due to the first 
load, along the z axis, to the system (rl,t91, $1) and those 
due to the second, along the x axis, to another system (r2, 
62, $2), as shown in Figure 1, 42 being the angle between 
the z axis and the plane (OxlP), rl and r2 (rl = r2) being 
the distance from the origin to the point of interest, P, in 
the spherulite. We then combine the stresses due to both 
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Figure 2. Distributions of major stresses and strains in the spher- 
ulite when the polymer is subjected to biaxial tension in the T Z  
plane. Both stresses and strains have been normalized with the 
corresponding quantities at distant field and the radius, r,  has 
been normalized with the outer radius, a, of the spherulite. 

applied loads by referring them to the same coordinate 
system, say, (rl, 81,+1). Since the two spherical coordinate 
systems are related to one another via the angle x by 

cos 8, = sin 8, cos +1 

cos x = -cos 8, cos &/sin O2 

sin x = sin +,/sin 8, (1) 

if we denote the normal stresses, which are due to the 
second load and referred to the second coordinate system, 
by urJ2), and then the same stresses, when 
referred to the first coordinate system, are given by 

(2) = (2) 
“r,  “r2 

(2) 

Consequently, the total stresses url, ue,, and uh resulting 
from the combined action of two loads, when referred to 
the first coordinate system, are given by 

(2) ug2(2) sin2 x + u+2(2) cos2 x 

url = u r y  + ur1(2) 
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Biaxial Tension 

The state of stress and strain under biaxial tension is 
obtained from the foregoing results by letting the loads 
along the x and z axes to be both tensile and of the same 
magnitude T. Since both loads lie in the xz plane, the 
stresses in this plane are of primary interest. Thus if we 
set +I = 62 = 0 (which corresponds to the xz plane), we 
find from eq 1 x = ?r and 81 = 82 + u/2. Application of 
these relations and the solutions of the simple tension 
problem (Appendix 1) to eqs 2 and 3 yields the stresses 
due to biaxial tension in the xz  plane. 

As can be expected from the axially symmetric nature 
of the applied load about the y axis, all the stress 
components are independent of angular coordinates. 
Thus, the spherulite is, in effect, in a state of two- 
dimensional hydrostatic tension in the x z  plane. 

In a similar manner, the corresponding strains in the xz 
plane are found to be 

1 
eg,(zz) = 2A,lKolr“01-3/2 + - A 2m K 2m rYh-312 

m=1,3 

e+l(xz) = 2A01KOlrw1-3/2 + 

Also of interest here are the stresses and strains along 
they axis, which can be found by setting +I = 42 = u/2 
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and el = 82 = a12 in eqs 1-3. Thus 
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Table I 
Elastic Constants of Bulk Polyethylene and Polyethylene 

Spherulite at 70% Crystallinity and 20 
url(y) = 2AO1Ko1 C33 vO1 - - + 2C f'01-3/2 - [ ( ;) 

2Ao,Kol [ C,, + C,, + C13( vO1 - :)] ru01-3/2 + 

m=1,3 AZm{-KZm[ '11 + c12 -k c13( VZm - :)] + 

erl(y) = 2Ao1Ko1 vO1 - - ru01-3/2 - ( 1) 

Since the exponents V O ~ ,  ~ 2 1 ,  and V23 of the radius r are 
functions of elastic moduli of the anisotropic spherulite, 
we can expect both the stress and strain distributions to 
be nonuniform under biaxial tensi0n.l Moreover, as we 
noted in an earlier publication,l the presence of V23 (U23 I 
31,) in eqs 4-7 gives rise to stress (or strain) singularities 
at the center of the spherulite. This is to be contrasted 
with the case of hydrostatic (triaxial) compression or 
tension which results in nonuniform but otherwise finite 
stresses and strains in the spherulite.' The fact that the 
stresses are bounded in triaxial tension (or compression) 
but unbounded in biaxial and uniaxial tensions suggests 
that the behavior of the spherulite is sensitive to the 
symmetric nature of the applied load. 

The physical basis for this sensitivity to load symmetry 
is not immediately clear, but it is probably associated with 
the spherically symmetric structure of the spherulite. Since 
the structure is in essence an aggregate of many identical 
cone elements, the elements should be able to share the 
applied load evenly under a spherically symmetrical 
hydrostatic tension or compression. In fact, the analytical 
results of the previous study' show that this hydrostatic 
load induces only normal stresses (i.e., radial and hoop) 
in each cone element, and all stresses diminish to zero as 
one approaches the origin of the spherulite. 

Pure Shear 

We now turn to the case of pure shear, which, as 
mentioned before, is equivalent to subjecting the polymer 
to a pair of mutually orthogonal loads, T, in which one 
load (say, the one along the z axis) is tensile and the other 
(along the x axis) is compressive. We will again consider 
only those stress and strain components that are of 
significance in this case. These include the principal shear 

bulk polyethylene 

polyethylene spherulite 

Young's modulus x 1010 dyn/cm* 
Poieson's ratio 0.459 

C11 X 1O1O dyn/cm2 14.87 
Ca X 1Olo dyn/cm2 4.61 
4 2  X 1O1O dyn/cm2 13.77 
CIS X 1Olo dyn/cm2 4.69 
CU X 1O1O dyn/cm2 0.46 

2.05 

a Data of Wang.7 

stress T and principal shear strain y, which are given by 

1 
7 = $Qol - a+> 

It may be noted that y is the engineering principal shear 
strain which is twice its tensorial counterpart. 

From eqs 8 and 9, both 7 and y are seen to reach 
maximum at 81 = 82 = fa12 and x = u/2 and 3u12 (i.e., 
along the y axis) for any given radius. Consequently, 

T(max) = 3(c11- c1,) ~ ~ ~ p ~ 1 " - ~ / ~  (10) 
m=1,3 

The other major stress and strain components are the 
radial stress arl and strain e,, along the z axis (01 = 0, 02 

d 2 , &  = 0, x = u) and the hoop stress ad1 and strain 
eol along the x axis (01 = d 2 ,  02 = 0, 91 = 0, x = u). 

An interesting feature in the above solutions is the 
presence of either r ~ 1 - ~ / ~  or ~39-31, in each term. By 
comparison, the solutions for the hydrostatic tension or 
compression1 contain only terms with r ~ o l - ~ / ~ .  (For that 
matter, the solutions to uniaxial and biaxial tensions are 
seen to contain terms with r Y ~ l - ~ / z  and r ~ 1 - 3 / ~  or -3/5/2.) 
Since both VOI and YZm (m = 1,3) are basically the elastic 
constants of the spherulite, it may be inferred that the 
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exponent v01 is associated with the bulk responses while 
up1 and Y23 are related to the shear behavior of the spher- 
ulite. Furthermore, as ~ 2 3  is the only exponent that gives 
rise to stress singularity,' it would seem that the singular 
behavior occurs only when the applied load is such that 
it induces shear stresses or strains in the radial cone sectors 
of the spherulite, e.g., u,,~, and url@, (or er,s, and erlbl). This 
is in keeping with the statement we made in the previous 
section since all the applied loads that are not spherically 
symmetrical (e.g., uniaxial and biaxial tensions, and pure 
shear) are apt to generate such stresses. 

From eq A-2 and 3, we can show that the radial strain, 
e,,, along they axis is zero. This is in agreement with the 
physical reality that in pure shear, there should be no 
strain in the direction normal to the plane of loading. 
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Numerical Example 

In order to have a more quantitative understanding of 
the results obtained above, we consider in this section a 
numerical example pertaining to biaxial tension and pure 
shear in the spherulitic polyethylene. To this end, we 
assume the sample to be 70% crystalline and to have a set 
of elastic moduli whose values are listed in Table L 1 y 7  

Results for biaxial tension are shown in Figure 2 where 
both the stress and strain components, normalized with 
respect to the corresponding quantities at distant field, 
are plotted as functions of rla, a being the outer radius of 
the spherulite. For the sake of clarity, the subscript 1 has 
been omitted from all quantities in Figure 2 and subse- 
quent figures. A point of particular interest in the plot 
is the distributions of stress and strain around the origin 
of the spherulite. While these distributions are seen to 
rise rapidly toward the center, the rise is much more limited 
to the immediate neighborhood of the center when 
compared with the results for uniaxial tension; thus the 
center region of the spherulite should be more susceptible 
to localized yielding or fracture in biaxial tension. This 
prediction is well borne out by the experiments of Haas 
and McRae9JO and Tanaka et al.,11 who found consistent 
development of highly localized yield zones or cracks at 
spherulite centers when they subjected films of polyeth- 
ylene, polybutene-1, and polypropylene to biaxial tension. 
By comparison, samples subjected to simple tension have 
been found to develop extensive yield zone covering both 
the center and equatorial regions of the ~pherulite.~+J~ 

A further point of interest in Figure 2 is the large 
concentration of hoop stresses ug, and u+, at the outer radius 
r = a on the y axis, i.e., at  the points (0, fyl, 0) in Figure 
1. Their normalized value, or stress concentration factor, 
is 4.24, which is to be compared with the corresponding 
value of 2.5 for simple tension (cf. Figure 1 ref 1). However, 
the effect of this stress concentration should be difficult 
to observe under microscope since, when projected on the 
nz plane, the concentration sites coincide with the spher- 
ulite center where an even greater stress concentration 
exists. 

In Figure 3, we show how the overall shape of the spher- 
ulite and its concentric shells would look in the yz and x z  
planes when the bulk sample is subjected to a biaxial load. 
To obtain these results, we chose a load of 0.5 X 1O1O dyn/ 
cm2 and calculated the dimensional changes using the 
displacements described in Appendix 2. The load used in 
this calculation is apparently excessive, as can be seen 
from the resulting deformation which is well beyond the 
limit allowed in the linear theory of elasticity.2.8 Thus the 
results should be regarded as only semiquantitative. 
As seen in Figure 3, the deformation is different in each 

shell; in the xz plane, for example, the innermost shell 

- Y  - x  

(a) (b) YZ PIANE (Cl XZ PLANE 

Figure 3. Sketch of the spherulite and ita concentric shells before 
(a) and after (b and c) the polymer has been subjected to a biaxial 
load of 0.5 X 1O1O dyn/cm2. 

undergoes a dimensional change of about 38 % while the 
outermost shell experiences a change of only about 13%. 
We note, however, that these predictions are less apparent 
in the microscopic observations of Haas and McRaegJO 
and Tanaka et al.ll because their photomicrographs were 
obtained from samples that had already undergone 
appreciable yielding or fracture at  the spherulite centers. 
Consequently, the large deformation gradient along the 
radius, which is predicted to occur in our elastic analysis, 
may have been relieved substantially by the yielding or 
fracture. 

The corresponding results for the case of pure shear 
(with T = 0.25 X 1Olo  dyn/cm2) are shown in Figures 4 and 
5. The displacement field for pure shear is given in 
Appendix 3. In comparison with the results of biaxial 
tension, the stress distribution around the spherulite center 
tends to be more diffused; furthermore, there is a large 
buildup of hoop stress ugl at the outer radius, r = a, on the 
x axis. Consequently, in addition to the primary zone at 
the spherulite center, a secondary yield zone is expected 
to develop in the plane of shear ( x z  plane), 4 5 O  away from 
the shear axis. This is in qualitative agreement with the 
experimental results of polybutene-1 obtained by Boni et 
al.'3 (cf. Figure 9 of ref 13). 

In the work of Boni et al.13 it is also reported that the 
cross-sectional area of their polybutene-1 spherulite in- 
creased upon shear. This result is at variance with our 
prediction which shows very little change in the cross- 
sectional area in the example treated in Figure 5. As 
pointed out by Boni et al.,13 their experiment had been 
seriously affected by the problem associated with thinness 
and short gage length of the film sample. The former 
causes the film to buckle while the latter induces additional 
strains from the gripping area. Accordingly, their quan- 
titative data remain to be confirmed by additional 
experiment. 

A remark should be made in regard to the experimental 
data quoted in this paper. Since microscopic observation 
of the spherulite deformation requires the specimens to 
be as thin as possible, the spherulites under observation 
may be in a truncated form rather than in spherical ~hape.1~ 
This should not significantly affect our analytical results, 
however, since the major predictions, e.g., stress singu- 
larities and inhomogeneous deformations, are associated 
with the spherically symmetrical structure (or spherical 
isotropy) of the spherulite and not with its shape. On the 
other hand, if the thickness of the specimen is much less 
than the diameters of the spherulites, the analysis may 
require some modification. This problem will be dealt 
with in a future publication. 

Summary 
The spherulites are found to undergo highly inhomo- 

geneous deformation when the polymer is subjected to 
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biaxial tension or pure shear. This deformation is ac- 
companied by stresses whose distributions are even more 
nonuniform and tend to infinity at  the spherulite centers. 
However, while similar results are also observed in simple 
tension, the region of high stresses is especially much more 
localized in biaxial tension than in other loadings. The 
results are found to be qualitatively in agreement with 
experimental data reported in the literature. 
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Appendix 1. Displacements, Strains, and Stresses 
in the Spherulite when the Polymer Is Subjected 
to Simple Tension 

Displacements: 

1 
U, = AolKolrYo1-1/2 + -(1+ 3 COS 28) c A,,,,K,J~-~/~ 

4 m=1.3 

3 
Ug = - - sin 28 A2mrY2m-1/2 

2 m=1,3 

u,#, = 0 

Strains: 

1 
-(1+ 3 cos 28) A,,,,K,,( v2, - :)r”2m-3/2 
4 m=1,3 

A2,[K2,(1 + 3 COS 28)/4 - 3 COS 28]r”2”-3/2 
m=1,3 

A2,[K2,(1 + 3 COS 28)/4 - 3 COS, 81rv2m-3/2 
m=1,3 

yd = - - 3 sin 28 A,,,,( K,, + v2, - !),.~2m-3/2 
2 m=1,3 

Stresses: 

Here the polar axis is in the direction of applied tension 
T and Cij  are elastic constants of the spherulite. The 
subscripts 1, 2, 3, and 4 are identified respectively with 
the axis pairs, 88, 44, rr, and re or r4. Also, the symbols 

0.2 0.4 0.6 0.8 
r/o 

0 

Figure 4. Distributions of major stresaes and strains in the spher- 
ulite when the polymer is subjected to pure shear in the x z  plane. 
Both stresses and strains have been normalized with the 
corresponding quantities a t  distant field and the radius, r ,  has 
been normalized with the outer radius, a, of the spherulite. 

L 

(0 )  (b) YZ PLANE (C) XZ PLANE 

Figure 5. Sketch of the spherulite with ita concentric shells 
before (a) and after (b and c) the polymer has been subjected to 
a shear load of 0.25 X 1O1O dyn/cm*. 

YO,, v21, V23, KOI, K21, and K23 are defined as7 

2(C,, + c,, - C,,)] 
(A-4) 

(733 
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Appendix 2. Displacements of the Spherulite in 
Biaxial Tension 

In the yz plane: 

url 2A01K01f‘0’-1/2 - (1 - 3 COS 28J4 AzmK2mf‘Y”-1/2 
m=1,3 

The integration constants are obtained by requiring that 
the displacements in the spherulite and the matrix be 
continuous at  the interface r = a and that the materials 
be in mechanical equilibrium at the interface. Thus, 

- 3(7 - 5 v ) ( l -  v)T 

4(4 - 5 ~ ) ( l  + V) AolKOl(3K + 4G)aw1-3/2 = 

A2mavs-3/2 [ 1 / 4 ~ 3 $ 2 m ( v 2 m  - 1/21 + 
m=1,3 

(7v - 5)  

(8 - 10~) (8 - 10~)  
l/2C13(K2, - 3) + 3G + K2mG 

(A-13) 

G and v are, respectively, the shear modulus and the Pois- 
son’s ratio of the bulk sample, which is assumed to be 
isotropic. Also 

3 
uo, = - - sin 28, A2mrvzm-1/2 (A-15) 

2 m=1,3 

In the xz plane: 

ug, = 0 (A-16) 

Appendix 3. Displacements of the Spherulite in 
Pure Shear 

In the yz plane: 

3 
uF1 = -(1 + cos 28,) A2mK2mr“lm-1‘2 

4 m=1,3 

n 
d 

2 m=1,3 
ugl = - - sin 28, A2mr”Y”-1/2 (A-17) 

In the x z  plane: 

3 
url = - cos 28, A2mK2mrva-1/2 

2 m-1,3 

~ g ,  -3 sin 28, A2mrYa-1/2 (A-18) 
m=1,3 
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